Strauss PDEs 2e: Section 1.6 - Exercise 4 Page 1 of 1

Exercise 4

What is the type of the equation
Upg — dUgy + 4Uyy = 07

Show by direct substitution that u(x,y) = f(y + 2x) + xg(y + 2z) is a solution for arbitrary
functions f and g.

Solution

The general form of a second-order PDE is
a11Ugy + 2a12uxy + a22Uyy + aj1ug + a2Uy + apu = 0.

It is classified as parabolic, hyperbolic, or elliptic depending on whether the discriminant,
9 = a3, — aj1as2, is equal to, greater than, or less than 0, respectively. In other words,

hyperbolic if a%Q —ajiage >0
the PDE is ¢ parabolic  if a%Q —ajjaz =0.

elliptic if a2y — ajnaz <0
The relevant coefficients are a11 = 1, a12 = —2, and ass = 4. So
9 = a%Q —ai1a99 = (72)2 —1-4=0.
Therefore, the PDE is parabolic. We can verify that
u(z,y) = fly + 2x) + xg(y + 2z)
is the correct solution.

ug = 2f" + g+ 2xg’

Uz = 2f" -2+ 29 + 24 + dxg”
umy:2f//+g/+2xg//
uny'—I-:L‘g'

uyy :fl/+l‘g,/

So
Uy — Mgy + Aty = 487 + gl + Tyt — 847 — Mg — B + 48" + el
Ugw — Htgy + 1y, = 0.

Hence, u(z,y) is the correct solution.
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